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I. INTRODUCTION
The theory of extended objects such as strings and membranes is a very attractive candidate for the quantum theory of gravity. The drawback of the theory of extended objects is that the theory is anomaly free only in some space whose dimension is much larger than one in which we can make measurements. This drawback is partially mitigated by the fact that a four-dimensional, low energy effective action can be written in terms of the fields associated with the massless excitations of extended objects. In a series of papers [1] - [8] we have explored the viewpoint that quantum black holes are massive excitations of extended objects and hence are elementary particles. In Ref. [9] , starting from the low energy effective action describing the Einstein-Maxwell theory interacting with a dilaton in four dimensions (G = 1),
we obtained the static solutions of the field equations for a Kerr-Newman dilaton black hole rotating with arbitrary angular momentum by expanding the fields in terms of the charge-to-mass ratio of the black hole. In the present paper we use these solutions, which appear as source terms in the wave equations, to determine the effect of a scalar component of gravity (the dilaton) on the propagation of electromagnetic waves in the vicinity of a charged, rotating black hole. Our goal is to obtain expressions which can be compared to experimentally measurable quantities in order to test the idea that quantum black holes are extended objects. In all likelihood the scalar component of gravity will have a coupling to electromagnetic waves which is as weak as that of the tensor component. Therefore the best place to look for the effect of the dilaton on these waves is in the neighborhood of a cosmological black hole, which we consider to be composed of quantum black holes. The expressions we obtain in this paper show how the electromagnetic radiation reaching a distant observer from such black holes is affected by the presence of a scalar component of gravity.
We begin in Section II with a summary of the static background solutions for a KerrNewman dilatonic black hole. Perturbative expressions for the metric tensor components and the electromagnetic fields are given through order Q 2 . Expressions for the gravitational field, the dilaton field and the electromagnetic field in terms of the Newman-Penrose formalism complete this section.
In Section III we obtain the wave equations for the various field modes. Our method is to double expand each field in powers of the electric charge and the wave parameters. Substituting these expansions into Maxwell's equations, the dilaton equation and Einstein's equations then give (inhomogeneous) wave equations for the coefficients of the expansion to any desired accuracy. Part of the currents in the wave equations arise due to the presence of the dilaton. We give explicit expressions for the Maxwell wave equations for the coefficients linear in the wave parameter for the three lowest orders of the charge parameter.
The forms of the solutions of the wave equations at large r are examined in Section IV. We derive explicit expressions for the corrections to the Maxwell scalars for both the ingoing and outgoing waves. An infrared problem which arises in the amplitudes of these corrections is also discussed. In the same Section we analyze the corrections to the ingoing and outgoing waves near the horizon.
In Section V we discuss the production of outgoing electromagnetic waves by the dilatonic waves which occur in the case of dynamic black holes. We give the explicit contributions to the electric and magnetic fields arising from the solutions we found in the previous Section and also use these contributions to write the expression for the correction to the energy flux due to the presence of a dilaton field.
Section VI is a discussion of our results and of the further investigations these results allow us to pursue.
II. THE STATIC BACKGROUND SOLUTION
The action describing the Einstein-Maxwell theory interacting with a dilaton in four dimensions is given in Eq. (1.1), where R is the scalar curvature, φ is the dilaton field, a is the dilaton parameter and F is the Maxwell field. In tensor components, i, j = 0, . . . , 3, the corresponding field equations are
2)
where ∇ is the covariant derivative, R ij is the Ricci tensor, and the electromagnetic energymomentum tensor is given as
In Ref. [9] we found a perturbative static solution of the field equations above representing a charged, rotating black hole of the Kerr-Newman type with a non-vanishing background dilaton field in which the parameter of expansion is the charge-to-mass ratio, Q/M [10] .
The metric in our solution is of the general form which describes a stationary axisymmetric space-time [11] 5) in which x 0 = t, x 1 = r, x 2 = θ, x 3 = ϕ. The explicit expressions of the functions Ψ = Ψ(r, θ), ω = ω(r, θ) and ∆ = ∆(r) as displayed in Ref. [9] can be simplified upon substituting for the (bare) parameters M, Q and J ≡ α M the quantities
Further l i is affinely parameterized while the other vectors are not. Since our static metric coincides with the Kerr-Newman one, and the latter differs from the Kerr metric only in the definition of ∆ [11] , all the quantities formally computed in the Kerr case apply. In detail, one has the following expressions for the four vectors
Also, the directional derivatives along the four null vectors are given special symbols,
In the tetrad formalism covariant derivatives (with respect to a coordinate basis) are replaced by intrinsic derivatives (see Ref. [11] ) represented by the symbol |. For scalar quantities one has f |c = f ,c , for covariant vectors 
Further, among the Weyl scalars Ψ k , k = 0, . . . , 4, there is only one non vanishing quantity, that is
We can thus easily claim that our solution is still of Petrov type D up to O(Q 2 ) since the Kerr-Newman one is of this type.
The Maxwell field can be fully described by the following three complex quantities
which contain all the information about the six components of the electric and magnetic fields. For the background solution, they are shown to satisfy the phantom gauge [11] at order Q 2 ,
with the third scalar given by
III. FORMAL DEVELOPMENT OF THE WAVE EQUATIONS
We want now to study the linear perturbations of the static solution given in the previous Section and obtain the wave equations for the various field modes. The full set of equations one obtains in the Newman-Penrose formalism for a metric of the form given in Eq. (2.5) is extraordinarily large, and we refer to the book by Chandrasekhar [11] for the details. In Ref. [11] it is shown that, while in the Kerr background the Maxwell and gravitational wave equations decouple, in the Kerr-Newman background (even without the dilaton field) they do not.
Since our solution at order Q 2 coincides with the Kerr-Newman one as far as the metric is concerned, we cannot thus expect the dilaton, Maxwell and gravitational wave equations to disentangle. However, at order Q 0 it is just the Kerr solution, and we can take advantage of the related simplifications. For this purpose, we perform a double expansion of every relevant quantity,
where g is the same wave parameter for the dilaton, Maxwell and gravitational field quantities, the latter (including tetrad components) being collectively represented with the symbol G. Although we have formally included every order in the wave parameter in the series above, we will only study the linear (p = 1) case. For p = 0 the static solutions are
At order (0, 0) we recover the Kerr solution with neither Maxwell nor dilaton fields. The metric tensor elements for this solution are obtained from those defined in Eq. (2.8) by setting Q = 0. At order (0, 1) the Maxwell fields appear, corresponding to the metric of the Kerr-Newman solution which is obtained at order (0, 2) together with the first non-vanishing contribution to the dilaton background. Finally our solution as given in [9] is fully displayed at order (0, 3). Correspondingly, one expects to obtain at order (1, 0) the already known, decoupled and separable wave equations in the Kerr background. At order (1, 1) new contributions relating to the presence of the dilaton waves are expected. At order (1, 2) the effect induced by the dilaton background should appear. In the following we will show that this is actually the case.
We shall also assume that the perturbations to which the various quantities are subject have the following time and azimuthal dependence
where k d , k EM and k G are (possibly equal) parameters. We note here that each function of r and θ on the R.H.S.s above implicitly carries an extra integer index, m, and the continuous dependence on the frequencyω (both can be positive or negative).
The directional derivatives when acting on the wave modes displayed above can be writtenD
where
with n an integer such that n ≥ 0 and
A. Gravitational equations Following Ref. [15] , we consider the following three non vacuum equations,
The Ricci tensor terms are given by the Einstein field equations, Eq. (2.3),
Now we expand the equations above according to the expression in Eq. (3.1).
For p = 0 we recover the static solution described in the previous Section. In particular one has
which will be used to simplify the expressions at order p = 1. We can express the (wave) perturbation
in the tetrad vectors as a linear combination of the unperturbed basis vectors (e i a ) (0,n) [11] ,
The perturbations in the basis vectors are then fully described by the matrix has sixteen independent components, and it is also useful to define
and
(3.14)
We are now ready to study the perturbations with p = 1.
(1, 0) order
It is easy to see that 15) so that both the electromagnetic field and the dilaton field decouple from the gravitational field equations. Further, on also using Eq. (3.9), the system of gravitational equations reduces to 16) which are the equations for gravitational waves in the Kerr background [15] .
From the expression of the Ricci tensor, Eq. (3.8), one obtains that the background dilaton field φ (0,2) enters into the equations for the gravitational waves only at order Q n with n ≥ 2.
In fact, at order (1, 1) one has
Thus the dilaton field does not affect the equations at this order in the Q expansion, neither directly nor through its effect on the Maxwell waves (F (1,0) ij are free electromagnetic waves in Kerr background, see Section III C below). However, both Maxwell background and wave fields already enter into the gravitational equations, so that for n ≥ 1 it is no longer possible to decouple gravitational waves from Maxwell excitations.
At order (1, 2) one obtains terms containing products of the form φ
which couple the dilaton waves to their own background. Further, one expects corrections coming from effects induced on the electromagnetic waves. For this reason and because of the complex entanglement among all kinds of waves, we do not address this issue in the present paper.
We just notice here that it is only at order (1, 4) that purely background terms like φ (0,2) |a φ (0,2) |b appear. However, our knowledge of the static solution does not allow us to write explicitly the equations in Eq. (3.7) at this order, since we do not know the gravitational terms G (0,4) .
B. Dilaton equation
The equation for the dilaton field, Eq. (2.2), in tetrad components becomes
where φ a ≡ e i a φ ,i are four (complex) scalars. In the Newman-Penrose tetrad, Eq. (3.18) becomes
which can now be expanded in Q and the wave parameter. At order (0, n), n = 0, 1, 2, one recovers the static solutions
and we now study the linear perturbations p = 1. 
This can be further simplified to the final form
with Φ ≡ φ (1, 0) , and the operators inside the square brackets are to be evaluated at order (0, 0).
The equation above is separable. One can write
and then refer to the general case for (half) integer spin s functions R s (r) S s (θ) described in Section III C. 
where use has been made of the phantom gauge, Eq. (2.23), and φ
is the Maxwell wave in the Kerr background, which we will review in the next Subsection. Here we only observe that Eq. (3.24) does not contain a contribution from the static dilaton background, neither explicitly nor implicitly in the metric and Maxwell fields.
At order (1, 2) the L.H.S. of Eq. (3.19) contains terms of the form G (1,0) φ (0,2) which couple the gravitational waves to the dilaton background as claimed.
C. Maxwell equations
The second equation for the Maxwell field in Eq. (2.1) is automatically satisfied once we introduce the three complex scalars φ i , and we are then left with only the first equation which can be written in a general tetrad frame as
Thus one clearly sees that the dilaton generates a source term for the electromagnetic field. Using the symbols for directional derivatives and spin coefficients introduced in the previous Section, Eq. (3.25) can be written as the following set of four complex equations
where the source terms are given by
We can now expand according to Eq. (3.1).
(1, 0) order
We observe that the background dilaton field and the Maxwell background field are zero at order Q 0 . This makes the source terms vanish and, using the vanishing of some of the spin coefficients according to Eq. (3.9), one obtains
These are the equations for electromagnetic waves φ (1,0) i moving in the Kerr background. Their properties and solutions have already been broadly studied in the literature and we now briefly summarize them for the purpose of introducing some useful notation [11] .
We replace the directional derivatives and spin coefficients with their explicit forms as given respectively in Eq. (3.5) and Eq. (2.20) and obtain
where ∆ 0 ≡ ∆ (0,0) , and we have also introduced
On using the following commutation properties
one can obtain separate equations for Φ 0 and Φ 2 ,
The latter are separable equations and we can factorize their solutions
The radial equations for the functions P s=±1 are particular cases of the eigenvalue equations,
where P |s| ≡ ∆ s 0 R s and P −|s| ≡ R −s , with s integer or half integer. The angular equations for S ±1 are particular cases of the following equations
where E is the same (separation) constant which appears in Eq. (3.34). For any (half) integers |s| ≤ l and |m| ≤ 2 l + 1 one has
where Y (ω) are spin-weighted spheroidal harmonics [16] which form a complete, orthonormal set of functions for every value of s. They reduce to the spin-weighted spherical harmonics,
in the limitω = 0 and to the usual spherical harmonics when one has also s = 0. Since the spin-weighted spherical harmonics of a fixed spin s are complete and orthonormal as well, one can perform the following expansion 
which contains contributions from both the dilaton waves φ (1,0) and the gravitational waves G (1,0) . However, it is possible to show that the gravitational waves actually cancel out in the Kerr background [11] . In fact, one has 
so that all the gravitational wave terms vanish.
One is then left with the following four equations
where we have defined φ 0) and all gravitational quantities are understood to be of order (0, 0 
and follow the same steps previously done at order (1, 0). We then obtain separate equations for W 0 and W 2 ,
which can be further simplified to the final form
We observe that the L.H.S.s of the equations above are again separable, since they coincide with the expressions one gets at order (1, 0). The currents on the R.H.S.s are given by
and they cannot be written as the sums of functions of r only and θ only. However one can expand the currents on the angular basis functions we have introduced at order (1, 0),
and define
One then obtains the following radial equations for the functions W ± ,
Given the explicit form of the currents, analytic solutions of these equations do not appear to be feasible. In this Section we only observe that, without the dilaton (a = 0), one would not expect any dependence on the charge Q in the form of the Maxwell waves at order (1, 1) , that is we can assume
(a = 0) are also the solutions of the homogeneous equations derived by setting T ± to zero in Eq. (3.48). It thus follows that the particular solutions W 0 and W 2 of the inhomogeneous Eq. (3.48) precisely represent a purely dilatonic effect.
(1, 2) order
So far, the dilaton background field has not appeared in our Maxwell equations. However, one expects φ (0,2) to enter in the expressions of the currents in the R.H.S.s of Eq. (3.26) at order (1, 2) and in fact it does. Unfortunately, the L.H.S.s of the same equations now contain both gravitational and electromagnetic waves, which are known to be coupled in the Kerr-Newman background [11] .
In order to proceed, one can make the following working ansatz : we assume
and neglect both dilaton and gravitational waves. This hypothesis is equivalent to assuming (space-time) boundary conditions such that the gravitational and dilaton contents of the wave field are negligibly small when compared to the electromagnetic sources.
We also observe that the currents T ± at order (1, 1) are proportional to k d /k EM and become negligible when Eq. (3.54) is satisfied. Thus the corresponding particular solutions φ (1,1) i for the inhomogeneous Maxwell equations vanish as well. On the other hand, when Eq. (3.54) does not apply (k d ∼ k EM ), one can trust the solutions we found at order (1, 1) and neglect the present order of approximation (Q 2 ). This simple argument shows that the two cases, order (1, 1) with k d ∼ k EM and order (1, 2) with Eq. (3.54), are sufficient to cover most of the electromagnetic physics one expects to be affected by the existence of a dilaton field.
The four Maxwell equations with Eq. (3.54) then read
The currents on the R.H.S.s are given by ). However, the full consistency of the argument above requires that the same condition in Eq. (3.54) be applied simultaneously to all wave equations at order (1, 2) . Thus one obtains constraints from both the gravitational and dilaton wave equations at order (1, 2) . We leave this analysis to a future investigation.
IV. ASYMPTOTIC EXPANSIONS
The equations we obtained in Section III C for the Maxwell waves at order (1, 1) look almost intractable, due to the complexity of the source terms. For this reason we consider the equations in the limits r → ∞ and r ∼ r + , and study the asymptotic regimes of ingoing and outgoing modes.
A. Ingoing modes at large radius
We first assume that the ingoing modes of the Maxwell field W 
Then we use for the dilaton field the asymptotic (ingoing) form [15] ,
where F in is a real coefficient, S = S m l (θ;ω) is a spheroidal wave function (of spin zero), and we find 
Thus one obtains the solutions
From the form of a in − one clearly sees that this asymptotic solution for the ingoing modes introduces some singular behaviour in the infrared regionω → 0. Actually, in the limit ω → 0 the full Eqs. (3.48) are well behaved with respect toω and thus we expect it to disappear after summation of all order in the large r expansion.
However, for the purpose of comparing the particular (dilaton dependent) solutions φ
to the free waves φ
in the black hole background, it is sufficient to consider those wavelengths which are short enough to probe the presence of the black hole itself. This provides us with a natural wavelength cut-offλ ∼ r + and makes the expressions in Eqs. (4.6) and (4.7) sufficiently well-behaved forω > 1/λ.
B. Outgoing modes at large radius
The analysis of outgoing modes can be greatly simplified once one notices that Eq. (3.48) can be written
where f + = ∆ 0 W 0 and f − = W 2 . The differential operators G ± and T ± share the following symmetry,
On the other side, the transformationω → −ω (together with the relabelling F in → F out ) maps ingoing modes to outgoing modes, and vice versa. Thus, it is sufficient to study one set of modes and then apply the mapping above to obtain the solutions for the other set.
For the dilaton field we have the asymptotic (outgoing) form [15] ,
where S is a spheroidal wave function and F out an arbitrary coefficient. Since we already know the ingoing solutions from the previous Subsection, we can take full advantage of the symmetry shown above and write (4.13)
These coefficients again display the same infrared behaviour as A in ± in the leading order of the large r expansion. The discussion on a natural cut-off, as explained in the previous Subsection, however is equally applicable for the present outgoing modes.
C. Ingoing and outgoing modes close to the horizon
From the classical analysis of wave propagation close to the horizon, one usually obtains special boundary conditions on the surface r = r + . Namely, only ingoing modes (as seen by any local observer) are allowed [15, 11] and there are no non-special outgoing modes available for the dilaton waves on the horizon. Thus one could infer that the currents T ≡ 0 on the horizon. However, one can think of a dynamical situation in which some of the parameters of the black hole are changed and generate gravitational and dilatonic waves whose intensity is higher near (and outside) the horizon. The dilaton waves can result in a source for electromagnetic perturbations which is sufficently strong at least in a region r ∼ r + . The outgoing modes then propagate freely once they exit this region (see next Section and Eq. (5.3) ). The ingoing modes instead can be detected away from the horizon if they satisfy the superradiant condition,ω < m ω + , where ω + = α/(2 M r + ) is the superradiant frequency.
A useful radial parameterization of the external region (r + < r < +∞) is given by the turtle coordinate [15, 11] ,
We thus find it convenient to introduce the new radial variable 15) and then to perform an expansion of Eq. (3.48) at leading order in 1/x. We have for the dilaton field the following ingoing form [15] , and we determine the integers n ± and the complex functions Z in ± by equating the leading orders in 1/x of both sides of Eq. (3.48).
One easily finds n ± = 1, but the forms of S in ± turn out to be inconveniently long and we write the solutions symbolically as
where A in ± = A in ± (θ; M, m,ω) are complex rational functions such that limω →0 A in ± = 0. Thus it turns out that W 0 is special on the horizon [15] , in that a well-behaved observer on the horizon would see it vanish identically, while W 2 is not.
The ougoing solutions are now easily obtained. We assume for the dilaton field the outgoing form, 20) and employ the symmetry between ingoing and outgoing modes described in the previous Subsection. The latter are then given by and again W 0 is special while W 2 is not.
V. WAVE DETECTION
The outgoing waves at r → ∞ are the ones that might possibly be detected, thus they carry most of the information one can try to retrieve from an experimental observation. It is thus only with these modes that we deal here.
First we observe that the solutions we get in Section IV are inherently related to the existence of dilaton waves (through the coefficients F out ), which in turn can be interpreted as fluctuations in the gravitational-electromagnetic coupling constant (see the form of the action in Eq. (1.1) ). These fluctuations are likely to be negligible in the very asymptotic region (r → ∞). Therefore, one does not expect them to be any appreciable source of electromagnetic waves in the region where a detector can be possibly located. This is consistent with our analysis at large r as given in section IV. In fact the free outgoing waves at order (1, 0) for r → ∞ are [15] If r d is relatively big (compared to r + ) one can still assume the dilaton inside R to be of the form given in Eq. (4.10) and obtains the corresponding electromagnetic perturbations in Eq. (4.11). However since R is likely to extend down to r + , we found it interesting to study Maxwell equations in a region very close to the horizon (see Subsection IV C) In that case, the relevant form of the dilatonic waves is given in Eq. (4.20), and φ For this model one can easily compute the energy flux at infinity. In order to do this, we first observe that 
